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Three dimensional fragmentation functions from the quark-quark correlator
Kai-bao Chen,1 Shu-yi Wei,1 Wei-hua Yang,1 and Zuo-tang Liang1
1School of Physics & Key Laboratory of Particle Physics and Particle Irradiation (MOE),
Shandong University, Jinan, Shandong 250100, China
We present the systematic results for three dimensional fragmentation functions defined via the quark-quark
correlator for hadrons with spin 0, 1/2 and 1 respectively. These results are presented in terms of a spin indepen-
dent part, a vector polarization dependent part and a tensor polarization dependent part. For spin 0 hadrons, only
the spin independent part is needed, for spin 1/2 hadron, the polarization independent and vector polarization
dependent parts are present, while for spin 1 hadrons, all the three parts exist. We discuss the general proper-
ties of these fragmentation functions and also present the corresponding results when transverse momentum is
integrated.
PACS numbers: 12.38.-t, 12.38.Bx, 12.39.St, 13.60.-r, 13.66.Bc, 13.87.Fh, 13.88.+e, 13.40.-f, 13.85.Ni
I. INTRODUCTION
In describing high energy reactions, we need two sets of
important quantities, the parton distribution functions (PDFs)
and the fragmentation functions (FFs). The former is used
to describe the hadron structure and the latter describes the
hadronization process. In a quantum field theoretical formu-
lation, both PDFs and FFs are defined via the correspond-
ing quark-quark correlator. The quark-quark correlator is de-
fined as a matrix depending on the hadron states. It is then
decomposed into different components expressed in terms of
the basic Lorentz covariants and the scalar functions. These
scalar functions contain the information of the hadron struc-
ture and/or hadronization and are called the corresponding
PDFs or FFs. In many cases in literature, specific compo-
nents of the PDFs and/or FFs are introduced whenever needed,
sometimes with different conventions and/or notations. With
the development of the related studies, it is necessary and use-
ful to make a systematic study and present a complete set of
such results. The results for three dimensional PDFs of the nu-
cleon defined in this way are presented in [1] in a systematical
way. Since usually different types of hadrons with different
flavors and spins are produced in a high energy reaction, FFs
are therefore much more involved and perhaps even more in-
teresting. Specific recent discussions can also be found e.g. in
[2–13].
The purpose of this note is to present the systematic results
for three dimensional FFs for hadrons with spin 0, 1/2 and 1
obtained from the quark-quark correlator. We briefly describe
the general procedure of deriving the results from the quark-
quark correlator in Sec. II and present the results for hadrons
with different spins in Sec. III. We make a summary and a
discussion in Sec. IV.
II. GENERAL PROCEDURE OF THE DECOMPOSITION
Similar to that describes hadron structure, for quark frag-
mentation, the quark-quark correlator is defined as,
ˆΞ
(0)
i j (kF ; p, S ) =
1
2π
∑
X
∫
d4ξe−ikF ξ〈0|L†(0;∞)ψi(0)|p, S ; X〉
× 〈p, S ; X| ¯ψ j(ξ)L(ξ;∞)|0〉, (2.1)
where kF and p denote the 4-momenta of the quark and that
of the hadron respectively, S denotes the spin of the hadron.
L(ξ;∞) is the gauge link that is given by [13],
L(ξ,∞) = Peig
∫ ∞
ξ−
dη−A+(η−;ξ+ ,~ξ⊥)
= 1 + ig
∫ ∞
ξ−
dη−A+(η−; ξ+, ~ξ⊥))
+ (ig)2
∫ ∞
ξ−
dη−1
∫ η−1
ξ−
dη−2 A
+(η−2 ; ξ+, ~ξ⊥)A+(η−1 ; ξ+, ~ξ⊥)
+ · · · . (2.2)
It is clear that the correlator given by Eq. (2.1) satisfies the
following constraints imposed by hermiticity and parity con-
servation, i.e.,
ˆΞ†(0)(kF ; p, S ) = γ0 ˆΞ(0)(kF ; p, S )γ0, (2.3)
ˆΞ(0)(kF ; p, S ) = γ0 ˆΞ(0)(˜kF ; p˜, S P)γ0, (2.4)
where a tilded vector means ˜Aµ = Aµ, and S P means the po-
larization vector or tensor after space reflection. Unlike that
for hadron structure, because of the presence of the gauge link
and final state interactions between h and X, time reversal puts
no such simple constraint on the correlator ˆΞ(0)(kF ; p, S ).
The correlator ˆΞ(0)(kF ; p, S ) defined by Eq. (2.1) depends
on the 4-momentum kF . The three dimensional FFs or the
transverse momentum dependent (TMD) FFs are defined via
the three dimensional quark-quark correlator ˆΞ(0)(z, kF⊥; p, S )
obtained from ˆΞ(0)(kF , p, S ) by integrating over k−F , i.e. [13],
ˆΞ(0)(z, kF⊥; p, S ) =
∫ p+dk+Fdk−F
(2π)2 2πδ(k
+
F − p
+/z) ˆΞ(0)(kF , p, S )
=
∑
X
∫
p+dξ−
2π
d2ξ⊥e−i(p
+ξ−/z−~kF⊥ ·~ξ⊥)〈0|L†(0;∞)ψ(0)|p, S ; X〉
× 〈p, S ; X| ¯ψ(ξ)L(ξ;∞)|0〉, (2.5)
where z = p+/k+F is the longitudinal momentum fraction
defined in light cone coordinates. Here we use the light-
cone coordinate and define the light-cone unit vectors as n¯ =
(1, 0, ~0⊥), n = (0, 1, ~0⊥) and n⊥ = (0, 0, ~1). We choose the
2hadron’s momentum as z-direction so that p is decomposed as
pµ = p+n¯µ + M
2
2p+ n
µ
.
The three dimensional or TMD FFs are obtained from
ˆΞ(0)(z, kF⊥; p, S ) by decomposing it in the following steps.
First, we note that ˆΞ(0)(z, kF ; p, S ) is a 4 × 4 matrix in Dirac
indices and expand it in terms of the gamma matrices, Γ ={
I, iγ5, γα, γ5γα, iσαβγ5
}
, i.e.,
ˆΞ(0)(z, kF⊥;p, S ) = 12
[
Ξ(0)(z, k⊥; p, S ) + iγ5 ˜Ξ(0)(z, k⊥; p, S )
+ γαΞ(0)α (z, k⊥; p, S ) + γ5γα ˜Ξ(0)α (z, k⊥; p, S )
+ iσαβγ5Ξ(0)αβ (z, k⊥; p, S )
]
. (2.6)
The coefficient functions are given by,
Ξ(0)[Γ](z, kF⊥; p, S ) = 12Tr
[
Γ ˆΞ(0)(z, kF⊥; p, S )
]
=
1
2
∑
X
∫
p+dξ−
2π
d2ξ⊥e−i(p
+ξ−/z−~kF⊥ ·~ξ⊥)
× 〈p, S ; X| ¯ψ(ξ)L(ξ;∞)|0〉Γ〈0|L†(0;∞)ψ(0)|p, S ; X〉, (2.7)
where Ξ(0)[Γ] represents respectively Ξ(0), ˜Ξ(0), Ξ(0)α , ˜Ξ(0)α and
Ξ
(0)
αβ for different Γ’s. Together with the demands imposed by
the hermiticity and parity invariance [Eqs. (2.3) and (2.4)], the
Lorentz invariance demands that all the corresponding coeffi-
cient functions are real and are Lorentz scalar, pseudo-scalar,
vector, axial-vector and tensor respectively. Furthermore, the
tensor Ξ(0)αβ is anti-symmetric in Lorentz indices and odd un-
der space reflection which implies that it can be made out of a
vector and an axial-vector.
Second, we expand these coefficient functions according to
their respective Lorentz transformation properties in terms of
the basic Lorentz covariants constructed from basic variables
at hand. They are expressed as the sum of the basic Lorentz
covariants multiplied by scalar functions of z and k2F⊥. These
scalar functions are the TMD FFs.
Clearly, the basic Lorentz covariants that we can construct
depend strongly on what basic variable(s) that we have at
hand. Besides the 4-momenta p and kF , we have the vari-
ables describing the spin states. Such variables are different
for spin-0, 1/2 or 1 hadrons. We therefore obtain different re-
sults for hadrons with different spins.
In the case of spin-0 hadron production, the independent
variables that can be used are the 4-momenta pα and kF⊥α ,
and the unit vector nα that specifies the direction of the gauge
link.
For spin-1/2 hadrons, the polarization is described by a 2×2
spin density matrix ρ that is usually decomposed as ρ = (1 +
~S · ~σ)/2, where ~σ is the Pauli matrix, and ~S is the polarization
vector. It is usually represented by the covariant form S =
(0, ~S ) in the rest frame of the hadron. This means that in this
case, besides pα, kF⊥α , and nα, we have an axial vector S that
can be used to construct the basic Lorentz covariants.
For spin-1 hadrons, the polarization is described by a 3 × 3
density matrix ρ. In this case, in the rest frame of the hadron,
ρ is usually decomposed as [6],
ρ =
1
3(1 +
3
2
S iΣi + 3T i jΣi j), (2.8)
where, Σi is the spin operator of spin-1 particle, and Σi j =
1
2 (ΣiΣ j + Σ jΣi) − 23 1δi j. The spin polarization tensor T i j =
Tr(ρΣi j), and is parameterized as,
T = 1
2

− 23 S LL + S
xx
TT S
xy
TT S
x
LT
S xyTT −
2
3 S LL − S
xx
TT S
y
LT
S xLT S
y
LT
4
3 S LL
 . (2.9)
We see that, for spin-1 hadrons, besides the polarization vec-
tor S , we also need a tensor polarization part. The polarization
vector is similar to that for spin-1/2 hadrons. The tensor polar-
ization part has five independent components that are given by
a Lorentz scalar S LL, a Lorentz vector S µLT = (0, S xLT , S yLT , 0)
and a Lorentz tensor S µνTT that has two nonzero independent
components S xxTT = −S
yy
TT and S
xy
TT = S
yx
TT . This means that for
spin-1 hadrons, the quark-quark correlator ˆΞ(0) can be written
as the sum of a polarization independent part ˆΞU(0) , a vector
polarization dependent part ˆΞV(0) and a tensor polarization de-
pendent part ˆΞT (0), i.e,
ˆΞ(0)(z, kF⊥; p, S ) = ˆΞU(0)(z, kF⊥; p) + ˆΞV(0)(z, kF⊥; p, S )
+ ˆΞT (0)(z, kF⊥; p, S ). (2.10)
Formally, the spin independent part is exactly the same as that
for spin-0 hadrons, the vector polarization dependent part is
the same as that for spin-1/2 hadrons. This means also that
we only need to study each part separately. For spin-0 or un-
polarized hadron production, we need then only the unpolar-
ized part ˆΞU(0)(z, kF⊥; p), for spin-1/2 hadrons, both the spin
independent part ˆΞU(0)(z, kF⊥; p) and the vector polarization
dependent part ˆΞV(0)(z, kF⊥; p, S ) contribute. The tensor po-
larization dependent part ˆΞT (0)(z, kF⊥; p, S ) contributes only
in the case of spin-1 hadron production. We present the re-
sults in next section.
III. TMD FFS FOR HADRONS WITH DIFFERENT SPINS
In this section, we present the results for the decomposition
of the quark-quark correlator Eq.(2.5).
A. Spin-0
In the case of spin-0 hadron production, only the spin in-
dependent part ˆΞU(0)(z, kF⊥; p) contributes. The independent
variables that can be used to construct the basic Lorentz co-
variants are pα, kF⊥α, and nα. The basic Lorentz convari-
ants that we can construct from them are: one Lorentz scalar
p2 = M2, no pseudo-scalar, three Lorentz vectors, p, kF⊥ and
n, one axial vector ε⊥αβkβF⊥, and three anti-symmetric and
space reflection odd Lorentz tensors p[ρε⊥α]βkβF⊥, ε⊥ρα and
3n[ρε⊥α]βkβF⊥. Hence, the general decomposition of the spin
independent part of the quark-quark correlator is given by,
zΞU(0)(z, kF⊥; p) = ME(z, kF⊥), (3.1)
z ˜ΞU(0)(z, kF⊥; p) = 0, (3.2)
zΞU(0)α (z, kF⊥; p) = p+n¯αD1(z, kF⊥) + kF⊥αD⊥(z, kF⊥)
+
M2
p+
nαD3(z, kF⊥), (3.3)
z ˜ΞU(0)α (z, kF⊥; p) = ε⊥αβkβF⊥G⊥(z, kF⊥), (3.4)
zΞU(0)ρα (z, kF⊥; p) =
p+n¯[ρε⊥α]βkβF⊥
M
H⊥1 (z, kF⊥) + Mε⊥ραH(z, kF⊥)
+
M
p+
n[ρε⊥α]βkβF⊥H
⊥
3 (z, kF⊥), (3.5)
where ε⊥ρσ ≡ εαβρσn¯αnβ, and the commutation symbol
A[ρBσ] ≡ AρBσ − AσBρ. Here, we note in particular that,
compared with the corresponding n¯ component, the n⊥ and n
components are suppressed by M/p+ and (M/p+)2 and con-
tribute at twist-3 and twist-4 respectively. We see that there
are 8 unpolarized TMD FFs, 2 of them contribute at twist-2, 4
at twist-3 and the other 2 at twist-4 level.
The notation used here takes the following convention: D,
G and H are for unpolarized, longitudinally polarized and
transversely polarized quarks, those defined via the scalar and
pseudo-scalar are denoted by E; a number in the subscripts
specifies the twist: 1 for twist-2, no number for twist-3 and a
3 for twist-4; we will also use different symbols in the sub-
scripts to denote the polarization of the produced hadron such
L and T in the vector polarization case and LL, LT or TT in
the tensor polarization case; a ⊥ in the superscript denotes that
the corresponding basic Lorentz covariant is kF⊥-dependent.
If we decompose the quark field in Eq. (2.7) into the sum of
the right- and left-handed parts, i.e., ψ = ψR + ψL with ψR/L ≡
1
2 (1 ± γ5)ψ. We see that for Γ = I, iγ5 and iσαβγ5, ¯ψRΓψL and
¯ψLΓψR are non-zero. So the terms related to them (i.e., the E’s
and the H’s) correspond to helicity-flipped quark structure and
are called chiral-odd (χ-odd). Similarly, for Γ = γα and γ5γα,
¯ψLΓψL and ¯ψRΓψR are non-zero. Hence, the terms related to
them (i.e. the D’s and the G’s) do not flip the quark helicity
and are χ-even. We also recall the properties of the fermion
bilinears under time-reversal ˆT , i.e.,
ˆT
{
¯ψψ, ¯ψiγ5ψ, ¯ψγαψ, ¯ψγ5γαψ, ¯ψiσαβγ5ψ
}
⇒
{
¯ψψ, − ¯ψiγ5ψ, ¯ψγαψ, ¯ψγ5γαψ, ¯ψiσαβγ5ψ
}
. (3.6)
Using this, we can determine whether a component of FF de-
fined via quark-quark correlator given by Eqs. (3.1-3.5) is time
reversal even (T-even) or odd (T-odd) according to the time re-
versal behavior of the corresponding basic Lorentz covariant.
In this way, we find out that G⊥, H⊥1 , H and H⊥3 are T-odd,
all the others in Eqs. (3.1-3.5) are T-even. We also note that
they are usually referred as “naive T-odd” or “naive T-even”
because the interactions between the produced hadron h and
the rest X can destroy simple regularities so all of them can
exist in a practical hadronization process.
If we integrate over d2kF⊥, terms with kF⊥ odd Lorentz
structures vanish. We obtain,
zΞU(0)(z; p) = ME(z), (3.7)
z ˜ΞU(0)(z; p) = 0, (3.8)
zΞU(0)α (z; p) = p+n¯αD1(z) +
M2
p+
nαD3(z), (3.9)
z ˜ΞU(0)α (z; p) = 0, (3.10)
zΞU(0)Tρα (z; p) = Mε⊥ραH(z), (3.11)
where the one dimensional FF is just equal to the correspond-
ing three dimensional one integrated over d2kF⊥. We see that
there are only 4 left and the number density D1(z) is the only
leading twist, 2 of them contribute at twist-3 and the other one
at twist-4.
B. Spin-1/2
For spin-1/2 hadrons, the vector polarization dependent
part contributes. We have, besides pα, kF⊥α, and nα, the polar-
ization vector S to use to construct the basic Lorentz covari-
ants. The polarization vector S is decomposed as,
S µ = λ p
+
M
n¯µ + S µT − λ
M
2p+
nµ, (3.12)
where λ denotes the helicity of the hadron and S T = (0, 0, ~S T )
denotes the transverse polarization.
We build the S -dependent basic Lorentz covariants with the
corresponding properties under space reflection as demanded
and obtain the general decomposition of the S -dependent part
of the quark-quark correlator as,
zΞV(0)(z, kF⊥; p, S ) = ε⊥ρσkρF⊥S σT E⊥T (z, kF⊥), (3.13)
z ˜ΞV(0)(z, kF⊥; p, S ) = M
[
λEL(z, kF⊥) + kF⊥ · S TM ET (z, kF⊥)
]
, (3.14)
zΞV(0)α (z, kF⊥; p, S ) = p+n¯α
ε⊥ρσkρF⊥S σT
M
D⊥1T (z, kF⊥) + Mε⊥αρS ρT DT (z, kF⊥),
+ ε⊥αρkρF⊥
[
λD⊥L (z, kF⊥) +
kF⊥ · S T
M
D⊥T (z, kF⊥)
]
+
M
p+
nαε⊥ρσkρF⊥S
σ
T D
⊥
3T (z, kF⊥), (3.15)
4z ˜ΞV(0)α (z, kF⊥; p, S ) = p+n¯α
[
λG1L(z, kF⊥) + kF⊥ · S TM G
⊥
1T (z, kF⊥)
]
+ MS TαGT (z, kF⊥)
+ kF⊥α
[
λG⊥L (z, kF⊥) +
kF⊥ · S T
M
G⊥T (z, kF⊥)
]
+
M2
p+
nα
[
λG3L(z, kF⊥) + kF⊥ · S TM G3T (z, kF⊥)
]
, (3.16)
zΞV(0)ρα (z, kF⊥; p, S ) = p+n¯[ρS Tα]H1T (z, kF⊥) +
p+n¯[ρkF⊥α]
M
[
λH⊥1L(z, kF⊥) +
kF⊥ · S T
M
H⊥1T (z, kF⊥)
]
+ kF⊥[ρS Tα]H⊥T (z, kF⊥) + n¯[ρnα]
[
MλHL(z, kF⊥) + kF⊥ · S T H′⊥T (z, kF⊥)
]
+
M2
p+
{
n[ρS Tα]H3T (z, kF⊥) +
n[ρkF⊥α]
M
[
λH⊥3L(z, kF⊥) +
kF⊥ · S T
M
H⊥3T (z, kF⊥)
]}
. (3.17)
We see that there are 24 vector polarization dependent TMD FFs, 6 of them contribute at twist-2, 12 at twist-3 and the other 6 at
twist-4 level. Among them, 8 are naive T-odd (E⊥T , EL, ET , D⊥1T , D⊥L , DT , D⊥T and D⊥3T ), and the other 16 are T-even.
If we integrate over d2kF⊥, only 8 survive, i.e.,
zΞV(0)(z; p, S ) = 0, (3.18)
z ˜ΞV(0)(z; p, S ) = λMEL(z), (3.19)
zΞV(0)α (z; p, S ) = Mε⊥αρS ρT DT (z), (3.20)
z ˜ΞV(0)α (z; p, S ) = λp+n¯αG1L(z) + MS TαGT (z) + λ
M2
p+
nαG3L(z), (3.21)
zΞV(0)Tρα (z; p, S ) = p+n¯[ρS Tα]H1T (z) + λMn¯[ρnα]HL(z) +
M2
p+
n[ρS Tα]H3T (z), (3.22)
where the one dimensional FF is just equal to the corresponding three dimensional one integrated over d2kF⊥ with the following
four exceptions,
DT (z) =
∫ d2kF⊥
(2π)2
(
DT (z, kF⊥) +
k2F⊥
2M2
D⊥T (z, kF⊥)
)
, (3.23)
GT (z) =
∫ d2kF⊥
(2π)2
(
GT (z, kF⊥) +
k2F⊥
2M2
G⊥T (z, kF⊥)
)
, (3.24)
H1T (z) =
∫ d2kF⊥
(2π)2
(
H1T (z, kF⊥) +
k2F⊥
2M2
H⊥1T (z, kF⊥)
)
, (3.25)
H3T (z) =
∫ d2kF⊥
(2π)2
(
H3T (z, kF⊥) +
k2F⊥
2M2
H⊥3T (z, kF⊥)
)
. (3.26)
We see that, in the one dimensional case, for the vector polarization dependent part, we have totally 2 leading twist FFs, they
are the longitudinal spin transfer G1L(z) and the transverse spin transfer H1T (z). We also have 4 twist-3 that lead to induced
polarization of hadron and 2 twist-4 FFs that are addenda to the longitudinal and transverse spin transfer respectively.
C. Spin-1
For spin-1 hadrons, we have the spin independent part, the vector polarization dependent part and the tensor polarization
dependent part. The spin independent and vector polarization dependent parts take exactly the same forms as those presented in
Sec.III A and III B. Here, we present the tensor polarization dependent part only.
To obtain the tensor polarization dependent part, we construct basic Lorentz covariants by using, besides pα, kF⊥α and nα, the
Lorentz scalar S LL, Lorentz vector S LT , and Lorentz tensor S TT . We note that the tensor polarization T µν is expressed in terms
of S LL, S µLT and S
µν
TT in the following way, i.e.,
T µν =
1
2
[4
3 S LL
( p+
M
)2
n¯µn¯ν +
p+
M
n{µS ν}LT −
2
3 S LL(n¯
{µnν} − gµν⊥ ) + S µνTT −
M
2p+
n¯{µS ν}LT +
1
3S LL
( M
p+
)2
nµnν
]
, (3.27)
where we used the anti-commutation symbol A{µBν} ≡ AµBν + AνBµ, and gµν⊥ ≡ gµν − n¯µnν − nµn¯ν. This is useful to specify the
twists of the corresponding terms. In this way, we obtain the most general decomposition for the tensor polarization dependent
5part as given by,
zΞT (0)(z, kF⊥; p, S ) = M
[
S LLELL(z, kF⊥) + kF⊥ · S LTM E
⊥
LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
E⊥TT (z, kF⊥)
]
, (3.28)
z ˜ΞT (0)(z, kF⊥; p, S ) = M
[ ǫkF S LT⊥
M
E′⊥LT (z, kF⊥) +
ǫ⊥kFαkβS
αβ
TT
M2
E′⊥TT (z, kF⊥)
]
, (3.29)
zΞT (0)α (z, kF⊥; p, S ) = p+n¯α
[
S LLD1LL(z, kF⊥) + kF⊥ · S LTM D
⊥
1LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
D⊥1TT (z, kF⊥)
]
+ kF⊥α
[
S LLDLL(z, kF⊥) + kF⊥ · S LTM D
⊥
LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
D⊥TT (z, kF⊥)
]
+ MS LTαDLT (z, kF⊥) + kρF⊥S TTραD′⊥TT (z, kF⊥)
+
M2
p+
nα
[
S LLD3LL(z, kF⊥) + kF⊥ · S LTM D
⊥
3LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
D⊥3TT (z, kF⊥)
]
, (3.30)
z ˜ΞT (0)α (z, kF⊥; p, S ) = p+n¯α
[εkF⊥S LT⊥
M
G⊥1LT (z, kF⊥) +
ε⊥kF⊥ρkF⊥σS
ρσ
TT
M2
G⊥1TT (z, kF⊥)
]
+ ε⊥αρkρF⊥
[
S LLG⊥LL +
kF⊥ · S LT
M
G⊥LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
G⊥TT (z, kF⊥)
]
+ Mε⊥αρS ρLT GLT (z, kF⊥) + ε⊥αρkF⊥σS ρσTTG′⊥TT (z, kF⊥)
+
M2
p+
nα
[εkF⊥S LT⊥
M
G⊥3LT (z, kF⊥) +
ε⊥kF⊥ρkF⊥σS
ρσ
TT
M2
G⊥3TT (z, kF⊥)
]
, (3.31)
zΞT (0)ρα (z, kF⊥; p, S ) =
p+n¯[ρε⊥α]σkσF⊥
M
[
S LLH⊥1LL(z, kF⊥) +
kF⊥ · S LT
M
H⊥1LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
H⊥1TT (z, kF⊥)
]
+ p+n¯[ρε⊥α]σS σLT H1LT (z, kF⊥) +
p+n¯[ρε⊥α]σkF⊥δS σδTT
M
H′⊥1TT (z, kF⊥)
+ Mε⊥ρα
[
S LLHLL(z, kF⊥) + kF⊥ · S LTM H
⊥
LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
H⊥TT (z, kF⊥)
]
+ n¯[ρnα]
[
εkF⊥S LT⊥ H
′⊥
LT (z, kF⊥) +
ε⊥kF⊥σkF⊥δS σδTT
M
H′⊥TT (z, kF⊥)
]
+
M2
p+
{n[ρε⊥α]σkσF⊥
M
[
S LLH⊥3LL(z, kF⊥) +
kF⊥ · S LT
M
H⊥3LT (z, kF⊥) +
kF⊥ · S TT · kF⊥
M2
H⊥3TT (z, kF⊥)
]
+ n[ρε⊥α]σS σLT H3LT (z, kF⊥) +
n[ρε⊥α]σkF⊥δS σδTT
M
H′⊥3TT (z, kF⊥)
}
. (3.32)
We see that there are totally 40 tensor polarization dependent TMD FFs, 10 contribute at twist-2, 20 at twist-3 and the other 10
at twist-4. Among them, 24 (those related to ˜ΞT (0)α and ΞT (0)ρα ) are T-odd and the other 16 are T-even.
We integrate over d2kF⊥ and obtain,
zΞT (0)(z; p, S ) = MS LLELL(z), (3.33)
z ˜ΞT (0)(z; p, S ) = 0, (3.34)
zΞT (0)α (z; p, S ) = p+n¯αS LLD1LL(z) + MS LTαDLT (z, kF⊥) +
M2
p+
nαS LLD3LL(z), (3.35)
z ˜ΞT (0)α (z; p, S ) = Mε⊥αρS ρLT GLT (z), (3.36)
zΞT (0)ρα (z; p, S ) = p+n¯[ρε⊥α]σS σLT H1LT (z) + Mε⊥ραS LLHLL(z) +
M2
p+
n[ρε⊥α]σS σLT H3LT (z). (3.37)
Here, again, these one dimensional FFs are just equal to the corresponding three dimensional FFs integrated over d2kF⊥ with the
following four exceptions,
DLT (z) =
∫ d2kF⊥
(2π)2
(
DLT (z, kF⊥) +
k2F⊥
2M2
D⊥LT (z, kF⊥)
)
, (3.38)
GLT (z) =
∫ d2kF⊥
(2π)2
(
GLT (z, kF⊥) +
k2F⊥
2M2
G⊥LT (z, kF⊥)
)
, (3.39)
6H1LT (z) =
∫ d2kF⊥
(2π)2
(
H1LT (z, kF⊥) +
k2F⊥
2M2
H⊥1LT (z, kF⊥)
)
, (3.40)
H3LT (z) =
∫ d2kF⊥
(2π)2
(
H3LT (z, kF⊥) +
k2F⊥
2M2
H⊥3LT (z, kF⊥)
)
. (3.41)
We list those twist-2 FFs in table I, and twist-3 in table II. Those at twist-4 have the same structure of those at twist-2, so we
will not make a separate table for them. We also list them according to chiral and time-reversal properties in table III.
IV. SUMMARY AND DISCUSSION
In summary, we presented the results of the general decom-
position of quark-quark correlator for fragmentation of quark
to hadrons with spin 0, 1/2 and 1 respectively. We showed
that the correlator is in general expressed as a sum of a spin
independent part, a vector polarization dependent part and a
tensor polarization dependent part. For spin-0 hadrons, only
the spin independent part is needed, for spin-1/2 hadrons, the
spin independent part and the vector polarization dependent
part are involved, while for spin-1 hadrons, all the three parts
are necessary. The general decomposition leads to totally 72
components of TMD FFs, 8 from spin independent part, 24
from the vector polarization dependent part and the other 40
from the tensor polarization dependent part. Among them, 18
contribute at leading twist, 36 contribute at twist-3 and the
other 18 at twist-4; exactly half of them (36) are T-odd, the
other half are T-even; also half are χ-odd and the other half
are χ-even.
These TMD FFs are used in describing a semi-inclusive
high energy reaction (see e.g. [12, 13]). We would like to note
that usually for a complete description of a semi-inclusive re-
action, the quark-quark correlator is not sufficient. One usu-
ally needs quark- j-gluon-quark correlator, too ( j = 1, 2, ...
represents the number of gluons). For example, to make a
complete calculation up to twist 3, besides the quark-quark
correlator discussed here, one needs the quark-gluon-quark
correlator. These contributions should be taken into account
simultaneously.
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TABLE I: The 18 leading twist components of the FFs for quark fragments to spin-1 hadrons
quark
polarization
hadron
polarization TMD FFs integrated over
~kF⊥ name
U D1(z, kF⊥) D1(z) number density
T D⊥1T (z, kF⊥) ×
U LL D1LL(z, kF⊥) D1LL(z) spin alignment
LT D⊥1LT (z, kF⊥) ×
T T D⊥1T T (z, kF⊥) ×
L
L G1L(z, kF⊥) G1L(z) spin transfer (longitudinal)
T G⊥1T (z, kF⊥) ×
LT G⊥1LT (z, kF⊥) ×
T T G⊥1T T (z, kF⊥) ×
U H⊥1 (z, kF⊥) × Collins function
T (‖) H1T (z, kF⊥)
H1T (z)
spin transfer (transverse)
T (⊥) H⊥1T (z, kF⊥)
T L H⊥1L(z, kF⊥) ×
LL H⊥1LL(z, kF⊥) ×
LT H1LT (z, kF⊥), H⊥1LT (z, kF⊥) H1LT (z)
T T H⊥1T T (z, kF⊥), H′⊥1T T (z, kF⊥) ×, ×
7TABLE II: The 36 twist-3 components of the FFs for quark fragments to spin-1 hadrons
quark
polarization
hadron
polarization TMD FFs integrated over
~kF⊥
U
U E(z, kF⊥), D⊥(z, kF⊥) E(z), ×
L D⊥L (z, kF⊥) ×
T E⊥T (z, kF⊥), DT (z, kF⊥), D⊥T (z, kF⊥) ×, DT (z)
LL ELL(z, kF⊥), DLL(z, kF⊥) ELL(z), ×
LT E⊥LT (z, kF⊥), DLT (z, kF⊥), D⊥LT (z, kF⊥) ×, DLT (z)
T T E⊥T T (z, kF⊥), D⊥T T (z, kF⊥), D′⊥T T (z, kF⊥) ×, ×, ×
L
U G⊥(z, kF⊥) ×
L EL(z, kF⊥), G⊥L (z, kF⊥) EL(z), ×
T ET (z, kF⊥), GT (z, kF⊥), G⊥T (z, kF⊥) ×, GT (z)
LL G⊥LL(z, kF⊥) ×
LT E′⊥LT (z, kF⊥), GLT (z, kF⊥), G⊥LT (z, kF⊥) ×, GLT (z)
T T E′⊥T T (z, kF⊥), G⊥T T (z, kF⊥), G′⊥T T (z, kF⊥) ×, ×, ×
U H(z, kF⊥) H(z)
L HL(z, kF⊥) H(z)
T (‖) H⊥T (z, kF⊥) ×
T T (⊥) H′⊥T (z, kF⊥) ×
LL HLL(z, kF⊥) HLL(z)
LT H⊥LT (z, kF⊥), H′⊥LT (z, kF⊥) ×, ×
T T H⊥T T (z, kF⊥), H′⊥T T (z, kF⊥) ×, ×
TABLE III: Chiral and time reversal properties of TMD FFs from quark-quark correlator
quark
polarization
hadron
polarization
chiral-even chiral-odd
T-even T-odd T-even T-odd
U
U D1, D⊥, D3 E
L D⊥L
T D⊥1T , DT , D
⊥
T , D
⊥
3T E
⊥
T
LL D1LL, DLL, D3LL ELL
LT D⊥1LT , DLT , D
⊥
LT , D
⊥
3LT E
⊥
LT
T T D⊥1T T , D
⊥
T T , D
′⊥
T T , D
⊥
3T T E
⊥
T T
L
U G⊥
L G1L, G⊥L , G3L EL
T G⊥1T , GT , G⊥T , G⊥3T ET
LL G⊥LL
LT G⊥1LT , GLT , G⊥LT , G⊥3LT E′⊥LT
T T G⊥1T T , G⊥T T , G′⊥T T , G⊥3T T E′⊥T T
T
U H⊥1 , H, H⊥3
L H⊥1L, HL, H
⊥
3L
T (‖) H1T , H⊥T , H3T
T (⊥) H⊥1T , H′⊥T , H⊥3T
LL H⊥1LL, HLL, H
⊥
3LL
LT H1LT , H⊥1LT , H
⊥
LT , H
′⊥
LT , H3LT , H
⊥
3LT
T T H⊥1T T , H
′⊥
1T T , H
⊥
T T , H
′⊥
T T , H
⊥
3T T , H
′⊥
3T T
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